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Martin Roche

plines have been used to interpolate curve data for
many years in various industries. The B-spline,
with its defining polygon, has become extremelySpopular, because of the increased use of intcrac -

tive graphics [1-4]. Instead of a strict interpolation proce-
dure, many engineers using B-spline curves in shape design
force the user of the software to begin by defining or
sketching the so-called defining polygon. This polygon deter-
mines a B-spline curve. Once this curve i s generated along
with i t s defining polygon, the designer can interactively
modify the defining polygon to obtain a locally modified B-
spline curve of desired shape.

Won-Uniform B=SplineInput Interpolation
Procedure

The procedure examined here begins not by inputting the
defining polygon; rather i t uses known or available curve
shape or property information. The particular way this
existing information should be input i s very dependent upon
the particular facility, hardware availability, and associated
software.

This infomation should be handled a certain way once
input to the computer. An overview of the procedure for an
interpolation for a first approximation by a non-uniform B-

spline curve (the parameterization i s not from zero to one for
each segment) i s called for. Existing mathematical routines
are mentioned and an effective way to organize the informa -
tion to define curves using these splines is outlined, in the
context of transfemng the information needed to generate
the desired curve shape.

The types of conditions desired at given input coordinate
points are outlined, and mathematical concepts and required
algorithms are discussed. Lastly, ways in which the input
information should be processed so that the algorithms might
be applied are described.

Imposing conditions at the input points. There i s nothing
sacred about the number of or nature of possible conditions.
They can be easily changed depending on the particular
application or flexibility one wishes the curve form to have.
The option information will be transferred through a code
procedure (an integer array will carry the information as to
which option has been selected for each point). The use of a
code to transmit curve property information has been sug-
gested by others [3,5], but details of an implementation have
not been included.

For simplicity of discussion, we restrict our attention to
the case of a B-spline curve of order 4 (degree 3) and of
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dimension 2. We are considering the construction of a
parametric cubic spline in the x-y plane. We first assume
that we will be supplied with a sequence of coordinate points
ltx(l),y(l)), ( ~ ( 2 ) ~y(2)),. . . . ,(x(rn),y(rn))l that we wish the
B-spline curve to interpolate in the given order with the
increasing parameter value.

At each of these points, a number of properties can be
specified that will determine the character of the curve in the
vicinity of the point. The number of available options for
first and last points will be limited as eompared to the other
points. We will f i rs t list the options that are available for
points other than the two end points:

(1) The given point in the string of input coordinate points
has a continuous second derivative. This is the standard
spline condition (Figure 1).
(2) The given point will locate a tangent discontinuity (Fig-
ure 2).
(3) The given point i s the start of a straight line segment. At
this point there will be a curvature discontinuity (Figure 3).
(4) The given point i s the start of a straight line segment. At
this point there will be a tangent discontinuity (Figure 4).
(5) The given point is the end point of a straight line
segment. A curvature discontinuity exists at the point (Fig-
ure 5).
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(6) The given point i s the end point of a straight line segment
and a tangent discontinuity exists at this point (Figure 6).
(7) The given point i s the end point of a straight line segment
and the star t of another (Figure 7).

To accomplish the information transfer, we used an inte-
ger array, NCODE(n,I=1,. . . . ,m, and for each of theI-
points (Inot equal to 1 or rn) we assigned one of the values 1
through 7. The default for each point was 1; if the user
wished a different condition helshe could make the appropri -
ate change.

At the first or last point of the sequence, two conditions
are allowed. Either the second derivative i s taken to be
zero-a commonly used approach-or i t i s the start of a
straight line segment. The zero second derivative is the
default condition and the NCODE( ) value is I. I f the first
point i s the start of straight line segment, NCODE( 1) i s given
the value 3, and if the last point is the end of a straight line
segment, NCODE(n+ 1) is given the value of 5.

Underlying mathematical problem. The underlying math-
ematics for B-spline interpolation of arbitrary order for non-
uniform spacing of the knots has been well formulated in the
literature [5,6]. How the knots. data points, and other
interpolation information is related to the defining polygon is
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explained. I t i s shown that the defining polygon can be
determined by solving a linear system of equations.

The knot sequence T = ni)yZt, contains real
numbers such that k n , T(i)<T(i+ I),and T(i)<T(i+k) for all
i,and has a corresponding sequence of B-splines of order k.

(B)ys,. The spline Sk is a vector
n

.Sf) = bjBXr), T(k)' Ir 5 T(n+l) -

where each 6 j = (bxj,6yj) i s a point of the defining sequence
for the defining polygon.

To solve for the defining points of the defining polygon n
interpolation must be given. This information could be
coordinate information or derivative information at a partic -

j=l

ular parameter value t. In fact, when r=r,. for some i,i t may
be necessary to distinguish whether r=T(i) - or r=T(i)'
because of derivative discontinuities (see Figure 2).

In our implementation, we followed Butterfield's sugges-
tion [5] and incorporated this type of information with that of
the derivatives in an array ND(i). In particular, if l are
the parameter values where the spline has specified deriva -
tive values g(n=(gx(i),gy()]), i=1, . . . n, then ND(i)i s a non-
zero integer such that (IND(i)l-i)i s order of the derivative
at

pi- if ND(i)>O

pi- if ND(i)<O, i=1, . . . ,n

1. =
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Cb. 0 Tho Ibsplim Curve of FIgvn 8 wkh Its d.nnlW polygondisphyod. (.)A &splinemwe defining polygon; (b)Ihe defining polygon of (a)
along with the 8-spline curve; @)the &spline cuwe generated by the above defining polygon.
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I = max(k.i,jo)
iu = min(i+k-1.n)
if(nd(i) .H. 0)golO 25
ii(nd(i) .eq. O ) g 0 l o 2 0 0
W(t(i) .k. x(l* to 200
do 20 j=l.iu
if(t(i) .H. x(j+l))go to 35
mntinue
goto200
if(t(i) .le. x(1))sO lo200
do 30 j= 1.iu
if(t(i) .le. x(j+l)go to 35
continue

set nr(i),the last row in which a non-zero element c ~ nexist m the
Ith column of a

inlegs(i.j)values w i H be baded.

nMock = n Wi1

inlegs(2,nblOck) = k
inlegs(1,nblOck) = MDIYS - 1

Determine the B-spline defining polygon. With the arrays
of the last section. the B-spline defining polygon can be
determined. This is a two-step procedure:

0 Determine the matrix A of Section 3. This can be accom-
plished by an application of an algorithm 151. (This algorithm
has been coded in Appendix A.) Thearrays T( ). p( ), ND( )
are used by this algorithm along with a call to subroutine
BSPLVD, a coded version of which can be found in [6].

0 With the matrix A and the arrays gx( ), gy( ) a special -
ized banded linear matrix solver i s used to determine the
solution of the linear system, Le., the solution being the B-
spline defining polygon points,

b, = (bx,,b?;), j = 1, . . . , n.

A coded form of such a solver can be found in the appendix
of 161.

With the B-spline defining polygon points determined, B-
spline curve coordinate values can be compiled with a
sequence of calls to routine BVALUE of [6]. This procedure
was camed out to generate figures in the article.

C
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C = i

Continue
d = j
do51 ia=1,3
if(x(i1) .ne. x(il+l) )got053
il=iit 1
cmtinue
ti = t(i)
Wi = iabs(nd(i))
d l bsplvd(x,k,ti.il,aaa,dn,nderi)

= k*(nderW -1)
nf = (i-l)*k
d0 52 JS =l.k
r(nf + 6) = dn(ns + is)

cmtinue

jkl= p -k +1
do 110 i=jkl.n

nblodc=nbkXk+l
integs(1,nMock) = n m
in(eg6(2,nbk=30 = k
integs(3,nModc) = k
polo999
write(rn.201)
lamat( 'mr exit')
CamIinue
raturn
.nd

nr(i)= n

Conclusion
The described procedure is easy to use and simplifies

design since i t employs one constructive definition. I t allows
us to define a general curve using one form of a vector
equation. Curvature and tangent discontinuity conditions
can be constructed. I t also facilitates the addition of options
to this general procedure. q
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